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Abstract 



^ | We discuss two conjectures by Francesco Severi and Joe Harris 

-^ about the irreducibility and the dimension of the Hilbert scheme pa- 

(■h ■ rameterizing smooth projective curves of given degree and genus. 
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1 Introduction 

OS . Man erkennt zundchst (...), daft die irreduziblen Kurven C vom Geschlecht 

p und der Ordnung n > p + r des Raumes S r eine einzige Familie V bilden, 
deren allgemeine Kurve nicht spezial ist. This statement made by Francesco 

(Nj ■ Severi at the beginning of §5 of Anhang G in [T7] (see p. 368), turns out 

to be false, as an example suggested by Joe Harris first showed in the mid 
eighties (see [6], Proposition 9). Here we focus on the problem of establishing 
the range in which Seven's claim holds true. 

Let Hd,g,n denote the open subset of the Hilbert scheme parameterizing 
smooth, irreducible, nondegenerate curves of degree d and genus g in F n . 



Theorem 1. Fix integers g > 0, n > 2 and d> g + n. If 5 < n < 6 assume 
^g + 1. Ifn>7 assume d>^g + ^ 

n+5 & J — ra+1 3 n+1 



d > %£±g + l. Ifn>7 assume d > ^h^g + ^¥- Then H d , g ,n is irreducible. 



The above statement collects several already known results together with 
a few original ones. The case n = 2 was first pointed out by Arbarello and 
Cornalba (see [I], Lemma 3.4), while the cases n — 3,4 are due to Ein (see 
[5], Theorem 4, and J6], Theorem 7; see also [15] . Theorem 1.5, for a different 
proof of the case n = 3 in the spirit of [1]). The result for n = 5 is due to 
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Iliev (see [TU], Theorem A), while the statement for n = 8,g > 19 and for 
n > 9 has been proven by Kim (see [H], Theorem 3.7). To the best of our 
knowledge, the cases n = 6, n = 7, and n = 8, g < 18 have not previously 
appeared in the literature (the sharpest published bound covering this range 
we are aware of is indeed d > ^r^g + ^4f , see [6], Theorem 8). Our proof 
extends to every n the lines of the argument provided by Iliev in [TD] for the 
case n = 5. 

The hypothesis d > ^ty # + ^rr m ^ ne statement of Theorem [1] turns out 
to be sharp (see for instance [15]). On the other hand, the stronger numerical 
assumption d > ^r^-g+1 for 5 < n < 6 seems to be just a technical one, even 
though we were not able to remove it. Our partial results in this direction 
are summarized in the following: 

Proposition 1. Fix integers g > 0, n > 2 and d > g + n. If d > ^^g + ^f 

and 7-id,g,n is not irreducible, then H°(C, Kq — A^_o — D) ^ 0, where C is a 
general curve in any extra component ofH dgn , L = OciX), h°(C, L) = r + 1, 
D = pi + . . .+p r -3 with pi general points on C , and Nl_d denotes the normal 
bundle to C in the immersion into P 3 defined by the complete linear series 
associated to L — D. 

By applying [6j, Theorem 5, to Nl^d we obtain h°(C,Kc — Nl-d) < 
g — d + r — 2. li D were general with respect to L — D, then we could 
conclude that h°(C, K c — N L _ D — D) = 0, but unluckily this is not the case. 

We also investigate the range in which the Hilbert scheme is reducible, in 
particular in Section [3] we provide the following counterexample to a conjec- 
ture stated in [8] (see also [7], question (1) on p. 40): 

Theorem 2. For every integer g > 12, let g = e modulo 4 with < e < 3. 
Then there exist integers d, n and a component "H of the Hilbert scheme whose 
general member corresponds to a smooth, irreducible, nondegenerate curve of 
degree d and genus g in F n such that dim"H > 3g — 3 + p(g, n, d) + (n+ l) 2 — 1 
and the image of the rational map H — > M. g has codimension | — | + 2. 

As pointed out in [8], a more refined version of the same conjecture pre- 
dicts the existence of a number (3(g) tending linearly to oo with g, such that 
any such component H, whose image in A4 g has codimension /3 < /3(g) has 
the expected dimension. From this point of view, Theorem [2] only implies 
that (3(g) < f + 2, and we believe that such a problem is well worth of further 
investigation. 
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We work over the complex field. 

2 Irreducibility 

Fix nonnegative integers g, r, d and let W^ = {(C, L) : C a smooth curve of 
genus g, L a line bundle on C of degree d with h°(C, L) = r + 1} (for a rig- 
orous definition we refer to [3], Chapter XXL, §3). 

We borrow from [TU] the three main technical ingredients of the proof of 
Theorem [TJ 

Lemma 1. Assume r > 2 and g — d + r > 2 and let W be an irreducible 
component ofW^ with general element (C, L). If the moving part of \L\ is 

(i) very ample, then dim W < 3d + g + 1 — 5r. 

(ii) birationally very ample, then dim W < 3d + g — 1 — 4r. 

(Hi) compounded, then dim W < 2g — 1 + d — 2r. 

Proof. For (i), see [6], Theorem 6. For (ii), see [12], Lemma 1. For (iii), see 
[9], Proposition 2.1. 

□ 

Lemma 2. Assume r > 2 and g — d + r > 3 and let W be an irreducible 
component of W^ whose general element (C, L) is such that L is strictly 
birationally very ample and the moving part of Kc — L is birationally very 
ample. Then there exists an irreducible component W of W^ su °h that 
dim W < dim W and if (C, L') is the general element ofW then the moving 
part of K c > — L' is birationally very ample. 



Proof. See |10j . Lemma 2.2 and Remark 2.3. 

□ 



Lemma 3. Let g r d be a birationally very ample linear series of degree d > g 
on a smooth curve of genus g. Then 

r< l -(2d-g + l) 

Proof. See either [2], Chapter III., §2, (2.2) on p. 115, or [5], Lemma 7, or 
[9], Lemma 2.3. 

□ 
Proof of Theorem^ By [5], Theorem 4, and [6], Theorem 7, we may 
assume 

n>5. (1) 

Since d> g + n, there is a unique open subset of %d, g ,n corresponding to non- 
special curves. Suppose by contradiction that %d, g ,n is reducible. Then there 
exists an irreducible component % of 7-Ld, g ,n such that the general curve C in 
H satisfies h°{C,O c {l)) = r + 1 and h { (c,O c (l)) = 5 > 0. In particular, 
if y is the irreducible component of W d such that (C, OciX)) € y, then we 
must have 

dim^+ (n + l)(r-n) > 4g - 3 - (n + l)(g-d + n). (2) 

First of all, we claim that 

5 > 3. (3) 

Indeed, if S < 2 then by [6], Theorem 6 (a), dim J? = 4<jr— 3 — (r + l)(g — d+r), 
hence from ([2]) it follows that n = r and < c) = g — d + r = g — d + n < 0, 
contradiction. 

The idea now is to focus on K c — OciX)- Let £? be the base locus of 
Kc — OcX) with deg-B = b and let W be the irreducible component of 

W|-_Vd such that (C. ^c - O c (l)) e W. 

Assume first that i^c — (9c(l) — -B is very ample. In this case, Lemma [1] 
(i) applied to W yields dim^ = dimW < 3(2# - 2 - d) + g + 1 - 5(5 - 1) 
and ([2]) implies 

(n-l)d< (n-l)#+(n-4)rH-3. (4) 

Hence by Lemma[3]we deduce d < ^±r-g + l, which contradicts our numerical 
assumptions. 

Assume next that Kc — Oc (1) — B is composed with an involution of 
degree m onto a curve V of genus 7 > 0. If / is the induced morphism, then 



/ = h o g, with g : C — > T of degree m and h : T — > P 5 * of degree -2 . 

It follows that 2g ~ 2 ~ d ~ 6 > <5 - 1 and 

m — 

2^-2-d-fe 2g-2-d 

m ^^T^i ^^^i— ( 5 ) 

Let now k := ^\r. We claim that if d > ^g + =±^ then (<J - 1) > 

3(n— lj re+1 *" n+1 v ' 

k(2g — 2 — d). Indeed, by Lemma Q] (iii) applied to W we have dim 3^ = 
dimW < 2g - 1 + (2g - 2 - d) - 2(5 - 1) and from (ED we deduce that 
2g - n - 3 < (2g - 2 - d) + (n - 1)(<S - 1). If (<? - 1) < k(2g - 2 - d), then 
2g - n - 3 < (1 + (n - l)fc)(2p - 2 - d) and since d > ^=% + ^M we reac h 
a numerical contradiction. 

Hence (J5J) implies m < | < 4, where the last estimate follows from ([TJ), 
so that m < 3. 

If m = 3, then from ((Sj) we also deduce 

6 < -3(5 - 1) + (2g - 2 - d) (6) 

(*-l) < %^. (7) 

If m = 2, then 7 > 1 since otherwise C would be hyperelliptic and 
the dual of K c — Cc(l) could not be very ample. If 2g ~ 2 2 < 27 then by 
Clifford's Theorem we obtain (5-1) < 2g ~ 2 ~ d ~ b , hence both ® and ® hold. 
If instead g ~ 2 > 27 then the linear series \H\ of degree 9 ~ 2 on T 
defining fo : T — >■ P 5_1 is nonspecial. It follows that dim \H + Q\ = dim |if| + l 
for every Q G g(C) and dim \K C - O c (l) + Pi + P 2 | > dim |K C - O c (l)| + 1 
for Pi,P2 G C such that g(-Pi) = ^(A) = Q- Hence by Riemann-Roch we 
have dim \O c (l) - P x - P 2 \ > dim |AT C - O c (l)\ + d - g = dim |C C (1)| - 1, 
contradicting the very ampleness of (9c (1). 

Now, for 7 = Owe have dim W < dimW^+6 = 2g+2m-5+b < 2g+l+b, 
while for 7 > 1 we have dimW < 2g-2 + (2n-3)(l~7) + 7 + 6 < 2g + l + b, 
hence in both cases by (ED we get dim y = dim W < 2g + 1 — 3(5 — 1) + (2g — 
2-d). From © we deduce 2g- 5 - n < (2g- 2 - d) + (n - 2)(S - 1) and by 
(J7j) we conclude d < ^rf <? + ~rf 5 contradicting our numerical assumptions. 

Assume finally that Kc — Oc(l) — B is strictly birationally very ample. 
By an iterative application of Lemma El either we are reduced to one of 
the previous two cases, or we obtain a component W of W 2 q _ 2 ^d-2(s-z) 
such that the general element of W' is strictly birationally very ample and 



dimW < W'. Hence Lemma [T] (ii) applied to W yields dim^ = dim W < 
dim W < 3{2g - 2 - d - 2(5 - 3)) + g - 9 and from (J2J it follows that 

(n-l)d<(n-l)g + (n-A)r-S + 6. (8) 

On the other hand, since we know that (jlj) is incompatible with our numerical 
assumptions, we have 

(n-l)d> (n-l)g+(n-A)r + 3. (9) 

From OH]) and (jUJ) we deduce 5 < 3, which contradicts (J3J). 

□ 
Proof of Proposition^ Assume by contradiction H°(C, Kc—Nl-d—D) ^ 
0. From the exact sequence (see [3] (2.7) and (2.5)) 

r-3 

->■ # - N L _ D -D-* K-N L ^J2 K ~ L (~ 2 Pi) ->■ 

4 = 1 

we deduce 

^(C, iV L ) = fc°(C, K - N L ) < (r - 3)(<5 - 2). 

If 3^ is the irreducible component of W r d such that (C, L) £ ^ then dim^ < 
Ag-3 + (r+l)(g-d+r) + h 1 (C,N L ) < Ag-3 + (r+l)(g-d+r) + (r-3)(5-2) 
and from (J2J) it follows that (n— 3)d < (n— 3)g+(n— 5)r+6. Hence by Lemma 
El we deduce d < ^r^g + 2 ^tp , which contradicts our numerical assumption. 

D 



3 Dimension 

Fix nonnegative integers g, n, d and let p(g, n,d) = g — (n + l)(g — d + n) be 
the so-called Brill-Noether number. 

In the recent survey [8], p. 142, the following conjecture is stated (see 
also [7J, §2.b., pp. 39-40): 

Conjecture 1. IfH is any component of the Hilbert scheme whose general 
member corresponds to a smooth, irreducible, nondegenerate curve of degree 
d and genus g in P n , and the image of the rational map % — > M. g has 
codimension g — 4 or less, then dim'H = 3g — 3 + p(g, n, d) + (n + l) 2 — 1. 



Immediately after that (see [S], p. 143), it is remarked that to be honest, 
the available evidence suggests simply the existence of a number /3(g) tending 
linearly to oo with g, such that any such component % whose image in }A g 
has codimension (3 < [3(g) has the expected dimension; we use the function 
g — 4 just for simplicity. 

Theorem [2] shows that the literal statement of the above conjecture turns 
out to be false and that the number (3(g) satisfies the inequality [3(g) < | + 2. 

Proof of Theorem Let k = ^- and let C be a general fc-gonal curve 
with g\ = \E\. By [11], Corollary 3.3, \K — 2E\ is very ample, so the general 
/c-gonal curve is embedded as a curve of degree d in P™ with d = 2g — 2 — 2k 
and n = g — 2k + 1. Since k < f + 1, we have 2g + 2k — 5 > 3g — 3 + p(g,n, d), 
hence the family of general fc-gonal curves embedded by \K — 2E\ belongs to 
a component T-L of the Hilbert scheme such that dim Ti > 3g — 3 + p(g, n, d) + 
(n + l) 2 — 1. On the other hand, the codimension in Ai g of the family of 
general fc-gonal curves is 3g — 3 — (2g + 2k — 5) = | — | + 2. 

D 

We are wondering whether Theorem [2] could be improved or not: 

Question 1. At least for g large enough, is [3(g) = | + 2 and is the family 
above the only one of smallest possible codimension in A4 
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